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On Inequalities of Certain Types in General Linear 
Integral Equation Theory. 



By Mary Evelyn Wells. 



Paet I. 
§ 1. Introduction. 
In the theory of the classical linear integral equation 

t(s)=r l (s)-?J' b X (s,t)y I (t)dt 
we find the inequality of Schwarz * 

f\£(s)} 2 dsf\n(s)Yd S -[fj(s)y,(s)dsJ>0. 

In the theory of the general linear integral equation 

Z(s)=n(s)-M x (s, t)r,{t), (1) 

in which appear more general functions and operator, explained later, E. H. 
Moore has found, among other inequalities, the analogue of the Schwarz 
inequality given above, namely, 

J&Jm-J&Jnl>Q, (2) 

where — denotes the conjugate imaginary. We proceed to the discussion of 
such inequalities. 

In a memoir "On the Foundations of the Theory of Linear Integral 
Equations ",t E. H. Moore has given the basis 2 5 , and system of postulates, of 
a theory of the general linear integral equation (1) which we shall write 

if=»7 — "kJxri. (1) 

E. H. Moore has defined the properties of class 952= [;u] of functions \x on a 
general range %= [p] to the class $l=[a] of all real or complex numbers, 
properties of class (3JJ9Ji) # to which the kernel function x belongs, and also the 
properties of the functional operation J, necessary for the theory of the gen- 

* Heywood-Preehet, "L'Equation de Fredholm." 

f Bulletin of the American Mathematical Society, Ser. 2, Vol. XVIII. 
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eral linear integral equation. For the convenience of the reader some of the 
definitions are given here. 

301 is linear (L), in notation Wl L , in case 

M=M L =[al\ ix = a 1 fi 1 +a 2 (i 2 + +a ni uj. 

9ft is real (R), in notation Wl B , in case the class M is the same as the class 
of conjugate elements, 

m=¥t. 

J is an operator of binary quality eliminating both the arguments s and t 
when it operates on such a function as ^ 1 (s) j u 2 (0 or x(s, t) giving a number of 
class 91. That J operates on a function x to give a number a, we indicate by 
the notation J on s t0 a . The notation J Uit) x(s,t) will be replaced, throughout, 
by Jx, and «7( M )/t*i( s )^z(0 by Jfafa- That Jfafa is in general different from 
J/t* 2 /Ui is seen by the examples of J used in § 4. 

The operator J is linear (L), in notation J 1 , in case 

a 1 x 1 -jra 2 x 2 =x implies a 1 Jx 1 +a 2 e7x 2 =Jx. 
The operator J is hermitian (H) , in notation J B , in case 



J(i 1 (ii=J(l 2 il 1 . 

The operator J is positive (P), in notation J p , in case for every function 
It of Wl 

Using the foundation 

2= (31; $; m LR ; fc(9MK) # ; J^^o^-lhp^ 

it is the purpose of the first part of this paper to show the existence of certain 
inequalities of the type 

f flowJ.Jjw^O (£*; n 3 "; ^ /fP ) ; (3) 

where f/W is an arrangement of the digits 1234 which refer to the functions in 
the first, second, third and fourth positions in the product %&% of which the 
arguments are omitted for convenience. For instance the term a nu J lz J 2 J^vi^ 
indicates a 13U J^Y[J^. Of the twenty-four terms to correspond with the twenty- 
four arrangements of the subscripts 1234 in J {i J kl only twelve are distinct 
since J ii J kl =J kl J ij . Thus, the inequality is one of twelve terms as indicated 
by the notation in (3). For definiteness the digit 1 will be kept in the first 
place or the last place in the arrangements of 1234, and the other digits will 
be in dictionary order. With this plan the coefficients of the twelve distinct 
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terms are as indicated in table (7). In further explanation of (3) it should 
be said that the parenthesis indicates that the inequalities are valid for all 
functions £ and 57 of the class W and all operators which have the properties 
LHP. Since throughout this paper £ and v\ will always be considered of the 
class ffl, and each J will have the properties LHP, these superscripts will 
often be omitted, and the superscripts used will usually indicate still more 
special properties of £, yi, and J. 

Further, it will be shown that the inequalities exhibited form a funda- 
mental set for the two cases, (1°) where J— J, i.e., J Ui0 x(s, t) =J ist) x(t,s)*, 
(2° ) where £ and yi are real. By saying that certain inequalities form a funda- 
mental set, it is meant that any inequality of type (3) which satisfies condi- 
tions shown to be necessary, can be expressed as a sum of positive or zero 
multiples of the inequalities forming the fundamental set. 

The three following inequalities, containing a numerical parameter u, 
together with those obtainable from these three by transformations on £ and yi, 
form the fundamental set (1°) when J —J , (2°) when £ and Yi are real. 

\(l + UU)J n J 3i + (u + u)J u J S2 \tfri>0 (f; „»; M «; J™). (4) 

\J ii J^uJ u J^+uJ^J il +uuJ Si J^hv>^ (£"; »?*; «"; J LHP ). (5) 
\J l BJ i 2+^JisJz i +uJ i2 J sl + nnJ ii J 3l l^>0 (£ TO ; >!*; «*"; J LHP ). (6) 

§ 2. Proofs of the Inequalities. 

A special case of the first inequality (4) is the generalized Schwarz 
inequality (2) stated and proved by E. H. Moore. The proof of inequality (4) 
was exhibited by E. H. Moore in class lectures given in January, 1914. For 
the derivation of (4) and (5) E. H. Moore proved that when a set of classes 
of functions %R',W, ....,W n) , each of which is linear (L) and real (R), 
is used to form the class Tt^(WW" . . . .W n) ) L ,-f the resulting class is 
linear (L) and real (R) ; and that the corresponding functional operation 
J==J'J" . . . ,J ln \ in which each J (0 has the properties LP, itself has the 
properties LP. Accordingly, when m = 2, we have 



J'Mto+mZ) (&+«»7£)>o (£»; v m ; « 2t ; J' LHP ; J" hHP )- 

* E. H. Moore, Bulletin of the American Mathematical Society, April, 1912. 

t " On the Fundamental Functional Operation of a General Theory of Linear Integral Equations " 
published in the "Proceedings of the Fifth International Congress of Mathematicians, Cambridge, August, 
1912." 
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Since the two operators are not necessarily the same, two inequalities are ob- 
tained, (4) by using J J and (5) by using J J. 

To prove (6) it is only necessary to write the inequality as a product of a 
number and its conjugate: 

(Jfy + uJrf){Jh + uJnS)>0 (g»; n*>, ««; J™ p ). 
Table (7), in which the inequalities are tabulated by means of their coeffi- 
cients a ijM and labeled A 1} A 2 , . . . ., A n for convenience in reference, shows the 
complete set of inequalities (4), (5), (6) and those obtainable from (4), (5) 
and (6) by transformations on £ and rj. The transformations used may be 
indicated by the usual transformation notation:* (££), (%£){rm), (w). 
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(7) 



§ 3. The Twelve Inequalities (7) Form a Fundamental Set When J=J. 

Pkoof. Since the operator J is self -transpose (J=J), J^ 1 [i 2 =Jix. 2 (i 1 . As 
an example of such an operator may be mentioned the classical unary J of the 
classical instances //„, HI, IV, i which, in the respective instances, is 

2, 2, ) dp. 

When the self-transpose J operates upon %&>}, we have 

"43 "21 > 



"12 "34 = "12 " 43 = " 34 "21 
"13"24 = " 13" 42 = "24"31 =: "42"31 > 
" 11" 9R == " 11 J R!> = " 93" U — "32 " , 



' 14 " 23 " 



' 32 " 41 • 



(8) 



* Cf. Cajori, "Theory of Equations." 

f E. H. Moore, " On the Fundamental Functional Operation of a General Theory of Linear Integral 
Equations." 
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Consequently, we have a grouping of coefficients a m which we designate 

"1 = $1234 T $1243 ~T $3421 "T $4321 > 

02 = $1324 ~T $13421 "T $2431 ""T $4231 > " (9) 

3 = 6S 142 3 + $1432 + $2341 "T $3241 • 

In this notation the general inequality which we wish to build from the 
given inequalities (7) is 

(Mu^84+6^u^M + 6^ M J«)ffw>0 (£; >?; J=/). (10) 

In this field, J=J, the given inequalities (7), with grouping of coefficients in 
accordance with (9), reduce to four distinct inequalities B 1} B 2 , B 3 , B iy 
tabulated by means of the coefficients b lf & 2 , b 3 , as follows: 



Bt. u 
B, 

B 



B 



2, u 
S, u 

4, u 



6i 


&2 


63 


1+MW 
1+WW 







u-\-li 

l-\-uu-\-u J r u 




1* + M 




l-\-uu-\-u-\-u 



(11) 



To build the general inequality (10), as the sum of positive or zero mul- 
tiples of the fundamental inequalities (11), it is evident that the multipliers 
must be expressed in terms of the coefficients b t , b 2 , and b s . First, then, we 
determine certain necessary conditions involving b 1} b 2 and b s , which are 
certain expressions in o 1} b 2 , b 3 found to be necessarily positive or zero numbers. 
By suitable choice of certain of these expressions we build (10) as a sum of 
positive or zero multiples of the inequalities (11). 

For the determination of necessary conditions on b lf b 2 , b z we need only 
to use a binary operator, and use for £ and vj the vectors (x lf x 2 ) and (y x , y 2 ). 
In this binary algebraic case, the linearity of J demands that Jfa have the 
form 

hlXlVl + il2»l2/2 + hv^lVl + hi^Vi • 

Therefore, the binary operator may be written 

\hi hi! 
which effects the ordinary matricial combination with the product £»? which is 

\x 2 y x , oc 2 y 2 ) ' 
And, conversely, this form of J implies the linearity of J. 
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The fact that this operator is hermitian (H) * is expressed in the equality 



hi%iyi+ h2 x iV2 +hi^2yi+j22^y2=hi^ii/i+ hi^iVi+hi^yi+hi^yi (%, %2, yi, y?) , 

for which it is necessary and sufficient that the matrix (/„) be hermitian, viz., 
Jrs=L, (r = l, 2; 5 = 1, 2). 

The property P of J* demands 

For the positiveness of this hermitian form the necessary and sufficient condi- 
tions are • -^ n • -^ n •• • • ^ n 

,7ui0, ? 22 >0, hihi—hzhiC®- 

Hence the matrix (j rs ) is both hermitian and positive. In general, it is true 
that such an operator, binary or «-ary, is hermitian (H) if, and only if, the 
matrix (j rs ) is hermitian; and such an operator is positive (P) if, and only if, 
each principal minor is positive or zero. 

The binary operator r* 1 . ) affords, as a special instance of (10), 

h (iu^i + in%i%<L ) UuyiVi + hiyjyi ) 



>0 fa>1h> inZO). (12) 

V**» #2, fe^O/ 



+&3(in^i+i22^ 2 ) (ia^ksfi+jt^yt) . 

The cases 

(g; 57; J) — {x 1 ,x 2 ; y 1} y 2 ; hi, hz) 

= (1,0; 1,0; 1,0), (0,-1; 1,0; 1,1), (1, i; 1, -i ; 1, 1), 

(1, i; 1, i; 1, 1), 
where t = V — 1, show that we have as necessary conditions: 

h+h + b^O, 6 X >0, &! + & 2 >0, h+b s >0. (13) 

With these conditions on the coefficients we are able at once to build the 
general inequality (10) in the field indicated by J —J from the fundamental 
inequalities (11). 

If &3>0, we secure the desired inequality by using 

i & A,-i + ( h + b 2 ) B 8> + b s B it , 
which is the sum of positive or zero multiples of positive or zero forms, hence 
is positive or zero. If& 3 <0, we use 

-i&3#l,-l + H&l + &a)£2,-l+(&l + &2 + &3)£ 3> o, 

which is the sum of positive or zero multiples of positive or zero forms, hence 
is positive or zero. 

* Cf. Section 1. 
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§4. The Twelve Inequalities (7) Form a Fundamental Set When £ and y; 

Are Real. 

Proof. In case £ and v] are real we have : 

"12"34 — "12"43 = "34"21 =: "43"21 > 
" 13 " 42 = " 14 "32 = "23 "41 = "24 "31 » 
"13"24 =: "14"23 1 
"32 "41 = "42 "31- 

We shall designate the consequent grouping of coefficients a im , 



(14) 



C l — ^1234 + $1243 + $3421 + fl 4321 > 
C 2 = $1342 + $1432 "T $2341 ~\~ $2431 > 
C 3 = $ 132 4 + $1423 J 
C i = ^3241 T" $4231 • 



(15) 



The corresponding general inequality which is to be expressed as the sum 
of positive or zero multiples of the fundamental inequalities is 

(c 1 J 12 J Si + cJ 13 J ii +c 3 ,7 ls J 2i +c i J 32 J a )^y 1 fj>0 (% R ; yi r ; J). (16) 

With £ and v\ real, the given inequalities (7), with grouping of coefficients in 
accordance with (15), reduce to three distinct inequalities C lt C 2 , C 3 , tabulated 
by means of their coefficients c x , c 2 , c 3 , c 4 as follows : 
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(17) 



The multipliers in terms of c lf c 2 , c 3 , c x with which to build the general 
inequality (16), as a sum of positive or zero multiples of known inequalities 
(17) are to be chosen from necessary conditions involving the coefficients 
c 1} c 2 , c 3 , c 4 . Again, it is possible to determine the necessary conditions by 
use of a binary operator; but in order to secure sufficient conditions, a more 
general binary operator must be used than served for the situation J=J. We 
use j 12 pure imaginary (/) and have 



hi hi 

hi J22 



22 
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The inequality (16) becomes, for this special case, 

cAhixl+h^Uiiyl+htyi) ] /xf yf 

af y* 



+ C2 j iu&ilti+Jis {x x y 2 —x 2 y x ) +i22«2.V 2 } 

+ c 3 \ JuXitti + ii2 ( x x y 2 —x 2 y x ) + j 22 x 2 y 2 } 2 
+ c 4 1 in«i2/i + ii 2 (%Vi— «i2/ 2 ) + ^'22*22/2 i 2 



>0 I iu>0 |. (18) 

^'22 >o i{ 2 
.iiii 2 2+iL>o, 



By making suitable choice of the variables and elements of the matrix J, we 
secure the necessary conditions. In this instance it is convenient to use the 
most general matrix whose determinant is zero. Such a matrix is 



Ikk 3ih\ 



where j 2 —eij 1 and e". (19) 

In this work we need frequently to remember that 

me 2 + 2ne+p>0 (e R ) (20) 

implies 

m R , n R , p R , w>0, p>0, mp—n 2 >0. (21) 



The cases (x lf x 2 ; y lt y 2 ; j n , j 12 , 

= (1,0; 1,0; 1,0,1), (1,0; 0,1; l,i,l), (1, 1 ; 1,-1 ; 1, 0, 1) 
give as necessary conditions 

c 1 +c 2 +c 3 +c i >0, C! + c 2 — c 3 — c 4 >0, Ci>0, 1 
hence, I (22) 

(Cx + c 2 )«>0, (c 3 + Ci ) R , c K ,c R . J 

The case (x lt x 2 ; y lt y 2 ; j n , j 12 ,j 22 ) — (1, 0; 1,1; 1, — e'i, e' 2 ) gives the 
inequality 

(ci+c 2 — c s — c 4 )e' 2 — 2i(c 3 — c 4 )e'+ (c 1 + c 2 + c 3 + c 4 )>0 (e' w ) 

which, by (21), ensures the conditions 

{cz—Ci) 1 , .\c 3 = c 4 , and (c! + c 2 ) 2 — 4c 3 c 4 >0. (23) 

With the conditions expressed in (22) and (23) it is possible to build the 
general inequality (16) in this field (£ B ; vp), from the fundamental inequali- 
ties (17). 

If c 2 >0, we may build first for the case ^ = 0, using the consequent 
condition : 

c 2 — 4c 3 c 4 >0. 

The desired inequality is given by 
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If c x zf= it follows from (22) that c x >0, and we may obtain the desired 
inequality by adding c x C 2 ,o to the inequality (24) already built. 
If c 2 = the necessary conditions (22) and (23) reduce to 

Ci>0, c\ — 4c 3 c 4 >0. 

Hence, the desired inequality may be expressed as 

■£ ( c i+ ( c i 4c 3 c 4 ) :! [ C 2j 2c 4 /[c 1 +(c;— 4 C3 c 1 ) i j- 
If e 2 <0 and c 1 + c 2 = £0, we use 

— %c 2 C Xi _ x + dC 2tCl/d , where d = i[c 1 + c 2 + { (c a + c 2 ) 2 — 4c 8 c 4 }*]. 
If c l -{-c z =0, it follows that c 3 = c 4 = 0. Hence, we secure the desired inequality 
by using \ c x C Xt __ x . 

Part II. 
§ 5. Definition of Polarizable Inequality. 
The inequality 

ijk I 

is said to be polarizable if it is true that 

T a«,„W?,+W,)£!w>0 <£»; ^; J' tflP ; J" £flP ). (25) 

It will be shown in this part of the paper that the first eight inequalities 
of (7) are polarizable, while the last four are not polarizable, even for the 
case J= J, or for the case £ and q real. Also, it will be shown that these eight 
polarizable inequalities (4') and (5') form a fundamental set of polarizable 
inequalities (1°) when J=J, and (2°) when £ and y\ are real. 

§ 6. Proof of the Polarized Forms. 
In § 2 we have 

J'vJ* (tv+urf) (Zn + urf) > (£ ; n ; « 31 ; J' ; J") . 
We may equally well have 

Wu (£« + «»?£) (to + urf) > (£ ; ^ ; «» ; J' ; J" ) . 
The sum of these two inequalities is 

j (i+«t<) Wu+J'M + («+«) (JuJst+J'AJk) Ulw>o 

(£;^;« 3( ; J'; J"). (26) 

This is the polarized form of (4). Similarly, by using J'J" and J"J' we obtain 
the polarized form of (5). Transformations* on £ and yj afford the polarized 



*Cf. Section 2. 
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forms of the remaining six inequalities of (4') and (5'). It will be seen from 
conditions (30) and (34) that the inequalities (6') are not polarizable even 
when J is self-transpose or £ and 37 are real. 



§7. 



The Eight Polarizable Inequalities (4') and (5') Form a Fundamental 
Set of Polarizable Inequalities When J=J. 

Proof. Since J'=J' and J"=J", and the operand is £f>?>7, it follows that 



T J" - 

" 12" 34 - 

T 7" - 

V 7" - 

" 13" 24 " 

V 7" - 

" 24" 13 " 

V 7" - 

O 14" 23 " 

V 7" - 

"23"u- 



z "12"43 z 

■ T 7" - 

-"84" 21" 

- T 7" - 

- " 13" 42 - 

- V J" - 

-"24" 81- 

- T 7" - 

-"14"32" 
: "23"41 : 



_ J' J" — 7' J" 

- " 21" 34 — " 21" 43 1 

: "43"12 := "4S"21) 

- T 7" — T 7" 

■ " 31" 24 — " 31" 42 ) 

: "42"13 =: "42"31) 

- T 7"— T 7" 

-"41" 23 — "41" 32) 

- T 7" — T 7" 

-"32" 14 — "32" 41 • 



(27) 



The corresponding grouping of coefficients a ijhl is 

^1234 + #1243 + #3421 + #4321 > #1324 4" #1342 + #2431 + #4231 f #1423 ~T" #1432 T" #2341 T~ #3241 > 

which have already been denned (9) as b lf b 2 , b z , respectively. 

The general inequality which we wish to build from the eight given 
inequalities (4') and (5') is 

(6 1 J 12 J 34 +& 2 J- 13 J24+Mi4J r 23)^W>0 (£; n; J=J)- (10) 

However, since this inequality is polarizable, it must be true that 

(£;>?; J' = J';J"=J"). (28) 
Using the operators 

J'=z(^} °.) and J": 



hi 








hi 







J 22/ 



we have as a special instance of (28), 



6i 

+ &2 
+ &3 



+ UnViVi + Jwy^s) UiiXiXi + j^x^)) 

(iil^l«/l+i22*2^2)(iu^l + i22«2^2) 

( iii^i + j^zVz ) ( iu*i«/i + & 2 u 2 ) 



±>o 




(29) 



The cases (aj lf fl3 2 ; y lf «/ 2 ; in, j 22 , ;„, ;JJ) 

= (1,0; 1,0; 1,0; 1,0), (1, i; 1, -»; 0,1; 1,0), 
(l,i; l,t; 0,1; 1,0), (-1,1;1,1; 0,1; 1,0), 
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show that we have as necessary conditions 

&i+&2+&3>0, b x +b 2 — fc 8 >0, &!— 6 2 +& 3 >0, h— b 2 — b 3 >0. (30) 

Since all polarizable inequalities for the field J=J must satisfy condition 
(30), and since neither B 3u nor B i>u of (11) satisfies the last condition of (30), 
it is now seen, as was suggested in § 5, that neither B 3 u nor Z? 4 u is polarizable. 
It follows that the inequalities (6') from which B 3 u and B i>u were obtained do 
not satisfy the definition of polarizable inequality, as that definition demands 
that the polarized form be positive or zero for all J LHP , of which we have 
J—J hlIP as an instance. 

The eight inequalities (4') and (5') which were proved polarizable, reduce 
to two when 3 ' —0 ', designated as B lu and B 2u under (11). 

The desired inequality (10) is shown to be the sum of positive or zero 
multiples of the fundamental polarizable inequalities B x u and B 2 tt as follows: 

When b 3 > and & x =fc b 3 , the desired inequality has the form 

where 

d 1 = 6i-6a+j(6i-6,) t -6ij*. 

When & 3 <0 and &i + 6 3 =£0, the desired inequality has the form 

— i b 3 B h _ x +i d 2 B 2 h/d2 , 
where 

ch=b l +b z +\{b 1 +b s y-b\\\ 

When b 1 = b 3 , we use i&i-Bi.i, since b 2 =0. When b 1 = —b 3 , we use 
i&i-Bi,_i, since b 2 =0. 

§ 8. The Eight Polarizable Inequalities (4') and (5') Form a Fundamental 

Set When £ and y; Are Real. 

Peoof. In this instance (£ B , v; B ) 

7' J" — J' J"— J' T" — T J" 

< J W>%\ — «12 t/ 48 — "21" 34 — <-'21"43> 

T j" — T j" — /' j" j' T" 

v 34" 21 — " 43" 21 — " 34" 12 — " 43" 12 » 

J' J" J' J" T' 7" T' J" 

" 13" 24 — " 14" 23 — " 24" 13 — " 23" 14 > 

J> J" — T J" — J' J" 7' T" 

" 13" 42 — " 14" 32 — " 23" 41 — " 24" 31 ) 

V T" — V T" — V T"— T 7" 

" 42" 13 — " 32" 14 — " 41" 23 — " 31" 24 ) 
" 32" 41 = "42" 31 == "41" 32 = "31" 42 • 



(31) 



The corresponding grouping of coefficients is that indicated in (15). Hence 
the inequality (16) is the general inequality which is to be expressed as the 
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sum of positive or zero multiples of the known polarizable inequalities, C r „ 
and C 2u , to which (4') and (5') reduce when £ and n are real. The positive 
or zero multipliers will be chosen from necessary conditions on c lf c z , c 8 , c 4 . 
The conditions (22) and (23), which must be satisfied by the coefficients 
of all inequalities (16) must necessarily be satisfied by the coefficients of the 
polarizable inequality (16). In addition to these conditions (22) and (23), 
necessary conditions are obtained by using the fact that the inequality (16) is 
polarizable; i. e. 



+c 2 






yf 



+c t WA+JX) }#w>0 ($*; n R ;J';J"). 
The use of 

//_ / iii 3ii\ 77, _ / )u iia\ 

' " \-& rJ' " wi; i'J ' 

where j' 12 and j'^ are pure imaginary, gives as a special case of (32) : 
<al(in*I+M)(in2/? + «) 

^u^i«/i + iia(«i«/2— X&i) +j'*0&»\ 

{JiiXiyi+Jnifyyi—zm) +J22®2y 2 j 
! jnViyi+j'A (#12/2— ^2/1) +fe2/2 i . 

+ 2c s | in«i2/i+ii2(«i2/2— #22/1) +^22/2 1 

! iu%2/i+ii2(«i2/2— ay/i) +^'22*22/2 
+ 2c 4 ^i 1 flJ 1 y 1 +;w(ay/ 1 — ajjyj) +^22/2 i 

j;'iiai»i+iiI(flWi— ^12/2) +^22*22/2 

The special values 

(ajj, a? 2 ; 2/1,2/2; ;'u» Ju> j'tti 3u, Jw, in) 

= (1,0; 0,1; 1,1,1; 1,-i, 1), (1,1; 1,-1; 0,0,1; 1,0,0) 

give the necessary conditions 

Ci— c 2 +c 3 + c 4 >0, Cj— c 2 — c 3 — c 4 >0, 



(32) 



^>0 



&>o&>o 
in>0£>0 



(33) 



J12 



£' 



&;«+#> o 



whence 



c,>0. 



(34) 



Again, it is convenient to use, for J, a matrix whose determinant is zero. 
We choose 






General Linear Integral Equation Theory. 



lib 



where j' 2 = e'ij[ and 3i=e"ij" with e' and e" real. Then (33) becomes a 
quadratic in e' and also in e". As an instance we set 

(a* , a* ; 2/1 , 2/2 ; in , & , i 22 ; in , ;« , ;«) = (l, 1 ; 1, — 1 ; l, — e'», e' 2 ; 1, — e"», e" 2 ) , 

and (33) gives the quadratic expression P(e', e") in e' and e" which must be 
positive or zero for every real e' and e", and for which, therefore, the dis- 
criminant must be positive or zero. 

P(e', e")=2c 1 (l-\-e' 2 ) (1+e" 2 ) 

+ c 2 j (l + 2e'i—e' 2 ) (l — 2e"i—e" 2 ) 

+ (1— 2e'i— e' 2 )(l + 2e"i- 



-e" 2 ) 



+ 2c s (l + 2e'i—e' 2 ) (l + 2e"i—e" 2 ) 
+ 2c 4 (l— 2e'i— e' 2 ) (\—2e"i—e" % ) 

The discriminant of P(e', 0) gives the condition 

c 2 -(c 2 + c 3 +c 4 ) 2 +(c 3 -c 4 ) 2 >0; 

the discriminant of P(e', 1) gives 

c 2 — (c 2 — c s — c 4 ) 2 +(c 3 — c 4 ) 2 >0, 
whence 



>0 (e' B , e" B ). 



and, thus, 



c 2 — c 2 — 4c 3 c 4 >0, 



c?+cl— 4c 3 c 4 >0. 



(35) 



The discriminant of P(e' e") as to e" is a homogeneous quadratic expression 
in (1— e' 2 , 2e'), and since for e' real, even between the values — 1 and +1, 
2e'/(l — e' 2 ) takes every real value, the discriminant of this homogeneous 
expression must be positive or zero. Hence, we have the condition 

(c 2 +c 2 -4c 3 c 4 ) 2 -4c 2 c 2 >0, 

and, therefore, by virtue of (35) 



or 



c\ + c\— 4c 3 c 4 > ±2c 1 c 2 
(Cj±c 2 ) 2 — 4c 3 c 4 >0. 



(36) 



It can be seen from (34) that C B>U of (17) is not polarizable. By use of (22), 
(23), (34) and (36) we build all polarizable inequalities in this field (% R ; yi s ) 
as the sum of positive or zero multiples of the polarizable inequalities (7 lu and 
C 2 , u of (17) in the following ways: 

If c 2 > and c x ^= e 2 , the desired inequality may be expressed as 



where 



2 C 2W,l + <hC^ ) C Jd x > 

«*i=±[Ci— c 2 + J (<?i— c 2 ) 2 — 4<? 3 c 4 f J ]. 
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If c 2 <0 and c^a^O, the desired inequality has the form 

i c ?Pi, -i + d 2 G 2< Cl/da , 

where 

^2=l[Ci+c 2 +j (c 1 + c 2 ) 2 —ic s c i \ i ]. 

If c 2 >0 and c x = c 2 , it follows from (36) that c s = c 4 =0, and we may 
express the inequality as , n 

2 6 l^l,l- 

If c 2 <0 and c 1 + c 2 = 0, it follows from (36) that c s =c i =0, and we may 
use as the desired inequality i n 

2 C l^l,-1- 

Pabt III. 

§ 9. Bilinear Inequalities. 

Somewhat related to the preceding problem is that of determining all 
bilinear inequalities of the form 

2 WWi#W>0 tf;r,;J';J"). 

ijkl 

It is the purpose of this portion of the paper to exhibit sixteen such inequali- 
ties and prove that they form a fundamental set of bilinear inequalities for 
the cases (1°)J—J and (2°) £ and v\ real functions. 

We have, in § 2, as a special instance of the theorem proved by E. H. 
Moore, the inequality 

J'M£n + M) (1n + «^")>0 (£; v, «*;«/'; J"), 
which is also written 

(«;+ MJi^H-Mj^l+MMJU'iO^w^O (£; *; tt*; J'; J")- 

By using J' instead of J', J" instead of J", and J' and J" instead of J' and J" 
we have also 

(JX+uJX+uJX+imX)tfri > (£ ; >? ; it" ; J' ; J") , 
(J'M+%rM+uJ&Z+uuJM)ZZm>0 (h n; u"; J'; J"), 

(J'nJ^+ujy^+uJ'^^ + uujy'^^yivtO (£; >?; u«; J'; J")- 

Four more inequalities may be written by interchange of J' and J", the eight 
being Z ljU to Z Su inclusive, tabulated according to their coefficients z im in (37). 
By replacing £ by £ the inequalities Z 9jU , . . . ., Z 16u of (37) are obtained from 
inequalities Z 1; „ , . . . . , Z Sf „ . 
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% 10. The Sixteen Inequalities (37) Form a Fundamental Set of Bilinear 
Inequalities When J'=J' and J"=J". 

Proof. In this field, J'=J' and J"=J", equations (27) are valid, and 
they indicate the new coefficients, 



W l 2 1284 T" ^1243 ~T #2134 "T ^2143 ) W 2 ^1324 V ^1342 "T ^3] 24 T" ^3142 J 



(38) 



W S — 2 1 423"T£l432~T' S 412S""'r£ ; 4132 > W 4 = S 23il -f- S S241 -f- £ 2 31 4 + ^3214 > 
W 6 = 2 2 431 T #4231 + S 2 4ig + #4213 , W 6 = £3421 + £4321 + ^3412 ~T~ 2 4312 > 

Accordingly the general inequality which we desire to build is 

( W x J' 12 J34 + WjJjVJi + WsJ'uJ'w + iViJ'zsJ'u + w 5 J'nJ'si + W 6 J34 J 21 ) £f>7>7 > 

(Z;*liJ'=J'iJ"=J"). (39) 
The known inequalities from which (39) is to be built in this field, J'=J' and 
J"— J", are the four inequalities to which (37) reduce on account of (38), 
and are tabulated in (40) according to their coefficients w„ . . . ., w 9 . 



(40) 
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As before, it is possible to secure the necessary conditions from the form 
corresponding to binary operators. Use of 



J'-- 



3n 

o ik 



J": 









?22 



>o 



x 1 


X 2 


Vi 


y-i 


;'u>o 


&>o 


iu>o 


i 22 >o 



(41) 



gives as an instance of (39) : 

+ ™% ( in*i2/i + HiX 2 y 2 ) ( jifo^ + j 22 x 2 y 2 ) 

+ ^3 (in^l + ^22*2^2 ) (in»l2/l + i 2 2^22/2 ) 
+ ^4 U'llXli/l + ?' 2 2«2#2 ) ( in«l2/l + ^22^2^2 ) 

+ Ws {J'l&Mi+j'isPtfJi) U'iiXiyi+JwX 2 y 2 ) 
+ w 6 {j[ 1 y^ 1 ^j' 22 y 2 y 2 ){j 1 [x 1 x 1 +j 22 x 2 x 2 ) 

The cases (x 1 , x 2 ; y 1 ,y 2 ; j' u , j' 22 ; ;„ , ; 22 ) 

= (0,1; 1,0; 0,1; 1,0), (1,0; 0,1; 0,1; 1,0) 

give as necessary conditions, 

w x >% w 6 >0. (42) 

The case (x lf x 2 ; y x ,y 2 ; j' a , j 22 ; j" lf j 22 ) = (1, h + ik 2 ; 1, k t + ik 2 ; 0,1; 1,0), 
where k x and k 2 are real, gives as a special case of (41), 

(Wi+Ws+Wt+We) (k\+kl) + (w 2 + w 5 ) (kl—k'i) 

+ 2i(w 2 -w 6 )k 1 k 2 >0 (k R ,k R ). (43) 

In (43) the values (k t , k 2 ) = (1, 0), (0, 1) give the necessary conditions 

w 1 + w 2 +w B + tv i +w 5 -\-w 6 >0, w 1 —tv 2 -j-iv s -{-Wi — w s + w 6 >0. (44) 

Hence, from (42) and (44), 

(tv. 2 + tv 5 ) R , (w 3 + w i ) R , 

while from (43) it is now seen that w 2 — iv 5 is pure imaginary, and, therefore, 

w. 2 =w 5 . (45) 

Similarly, the case 

0*i » x 2 ; y lt y 2 ; j' u , j' 22 ; j'A, Jh) = (1, h—ik 2 ; 1, fri + ifc,; 0, 1; 1, 0) 
yields the conditions 

ttfi + Wa— W s — M>4 + W6 + W a >0, (w 8 — w 4 ) 7 , 

whence 

Wg—Wi. (46) 

The case (x x , x 2 ; ^ , y, ; ;'„ , & ; ;,'; , ? 22 ) = (1, k x + ift 2 ; 1, J 2 + »Z 2 ; 0,1; ] , 0) , 
where k x , k 2 , l x , l 2 are real, gives as an instance of (41), 
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wj\+l t \ (Wt + Ws + Wi+w^ki+iiws+Ws—Wt—WB)^} ] 

+ wJl+l t \i(w,—w a +w i —w s )k l —(w a —w a —w t +w 5 )k t \ \>0 ( \ *). (47) 

+Wi(*J+ftI) I Xl 2/ 

Inequality (47) shows that tv 6 ~0 demands: 

W 2 + W a + W i + lV & = 0, w 2 + w 3 —w i —w 6 =0, ] 

w 2 —w 3 +w i —w 5 =0, w 2 —w B — w 4 +w 5 =0. J 
For if not, suppose any one of (48) is not zero, say 

w 2 + W s + w t + Ws :£ 0. 
Then by taking (k 1} k 2 , l 2 ) — (1, 0, 0) we have, 

hiWi+Ws + Wi + Wn) +Wi>0, (Zf), 

which obviously is not true. Similarly, the other equations of (48) are proved 
when w 6 = 0. Also, equations (48) follow when w-x — 0. Hence, 

Wx — ti or ^(; 6 = demands w 2 =m; 3 = w 4 = w 5 = 0. (49) 

Thus for the remaining cases we may suppose w-^ =f= and w 6 =£0 and omit w x 
or u> 6 as a factor in any expression which is positive or zero, each of whose 
terms contains as factor one or more of the coefficients w 2 , . . . ., w 6 , or w-^w^. 
When li = 0, (47) becomes a quadratic in l 2 , whose discriminant is a 
quadratic in k x and k 2 , viz. : 

\iw 1 w 6 +(w 2 —w s + w i --w b ) 2 \kl+\4:iv 1 w 6 ~(w 2 —w s —w i -\-w 5 ) 2 \k 2 2 ") ,,„,., 

+ 2i(w 2 —w i + iv i —w b )(w 2 —w a —w i + w 5 )k 1 k 2 J = 1 2 '' 

The discriminant of this quadratic in k x and k 2 gives the condition 

16w 1 w e \w 1 w 6 -\- (w 2 — w z ) (w t — w 5 ) \ >0, 

which by (49) gives as a condition always holding 

w 1 w 6 +(iv 2 —w 3 )(w i —w 5 )>0. (50) 

Similarly, l 2 = reduces (47) to a quadratic in l x whose discriminant is a quad- 
ratic in &! and k 2 , which gives the necessary condition 

w 1 w 6 —(w 2 + w s )(w i + w & )>0. (51) 

Conditions (50) and (51) combine to give 

XV-jIVq — W 3 lV t — iv 2 w s >0, 

whence iv 1 w t j rw 3 w i — w. 2 tv 5 >0, > (52) 

and ivnv 6 — w 8 W4 + W/ 2 W6>0. 



>0 



hR T.R 

l R I' 
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The discriminant for (47) as a quadratic in l x is a quadraticin l 2 , viz 

4,wll\+iwJ, 2 \i(w 2 —w 3 + w i —w a )k 1 —{w 2 —w 3 —w i +w b )k 2 \ 
+ \4:W 1 w 6 —(w 2 + w 3 +iv i + w a ) 2 \k 2 1 
+ ]4wjW 6 + (w 2 +w s — Wi— w b ) 2 \k\ 
—2i(w 2 +w 3 + w i + w B ) (w 2 + w 3 — w 4 — w^k^ 

whose discriminant, aside from a factor 16w 2 6 , reduces to 

\w x w % — (w 2 +w 4 ) (w 3 + w ) \k 2 + \wjw t + (w 2 —w i ) (w 3 —w a ) \k , ^ ^ r . r 

— 2i(w. 2 w s —w i w )k 1 k 2 j == \ 11 2) 

Hence, 

IwiWu—iwt+Wi) (w 3 +w 6 ) \ \wiw 6 +{w 2 — wi) (w s —w 5 ) \ + (w 2 w 3 — wws) 2 >0, 

or (M'iWg— tt> 3 w 4 — w 2 w; 5 ) 2 — 4w 2 w 3 t(; 4 t<; 5 >0. (53) 

Apart from exceptional cases, we have the desired general inequality 
(39) in the form 

d x d. 



" l,2w,«i 4 /di r 9 " 4,210, u> 5 /d 2 > 



2w "i.^./tf, ■ 2w 



where 

d 1 = w 1 w 6 — w 2 iv 6 +iv 3 w i + \ {w 1 w i —w 2 iv a —w 3 iv i )' i —±w 2 w 3 w i w a \ ,s , 
d 2 = w 1 w 6 -\-w 2 w —w 3 w i + \ {w^w^—w^a—w^iY—^w^WsWiW-^' 1 . 

The exceptional cases in whicl) the above method will not be permissible are : 

(a) MVhenw 1 w 6 -{-w 2 iv 5 —iv 3 w i =0; (b) when w 1 w e —iv ! .w s -]-w t w i =0', (c) when 

w 1 w 6 —tv 2 iv a —w 3 tv i = 0; (d)whenw 1 = 0; (e) when w a = 0. 
In case w 1 w 6 + w 2 w a —w 3 w i = it follows that 

w 2 = w o = 0, WiWg— w 3 w 4 = 0, 

and the desired inequality is 

Similarly, w x w^— w 2 w a +w 3 Wi = demands 

w 3 — Wi = 0, w x W(, — w 2 w o = 0; 
and the desired inequality is 

In case w 1 w e —w 2 w 5 —w 3 w i = 0, it is seen by (53) that 

w 2 = w 5 = or w 3 =Wi = 0. 
In case w 2 =w b — Q, the desired inequality is 

WiW 1<Wt/w ,. 
In case w 3 = w 4 = 0, the desired inequality is 
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When w x —Q or w e — 0, we have w i = w 3 = w i = w 5 = 0, by (49), hence the 
desired inequality is wJT^+wJV^. 

§11. The Sixteen Bilinear Inequalities (37) Form a Fundamental Set 

When £ and y; Are Real. 

Pkoof. Equations (31) which are valid in this case (£ R ; yi r ) indicate the 
coefficients, 



1423 T^2413T ^2314 ) 



+ 2ss 



V\ — ^1234 T" ^1243 "T #2134 T" ^2143 > V 2 = ^1324 "T & 

V Z = ^1342 + ^1432 ~H ^2341 "T S 2431 1 V i = ^4213 T" ^3214 + #4123 ~T #3124 ) 

V i — ^3241 "T ^4231 T~ ^4132 "T 2 3142 t V 6 ~ ^3421 "T ^4321 T" ^3412 "T ^4312 ) 



(54) 



Further, let v = v l +v t + v, + v l +v. + v.. 

The general inequality desired is 

( v 1 j' 12 Ju + vvjy^ + v jm + vjm + v,jy:, + v 6 jx ) zhm > o 

(t R ;vi R ;J';J"). (55) 
When f and >? are real, the given inequalities (37) reduce, in accordance with 
(54), to four inequalities (56). 



(56) 
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Binary operators give necessary and sufficient conditions on 



J' = 

give, as an instance of (55), 
«i 1 in*? + tin + ;« ) oWh+iupA \ 



hi 
hi 



hi 
hi 



V21 



J 12 
^22 



I iiiy! + ( Ju + Jn ) 2/i2/2 + hWi \ 

+v e \fuyl+ tin + tii ) yiyi + k\y\ \ 

\ jiitf. + ( in + j'n) ^x 2 + ^22^1 \ 
+ v 2 \ i' n x 1 y 1 + i\ 2 x x y 2 + i' 21 x 2 y x + i' 22 x 2 y 2 \ 

\ ii^iVi + iu?<hyi + i'^Vi + i'i^iVi \ 
+ Vi \ i'nXiyi+i'i&m + i'ti^tVi + i'^ 2 y 2 \ 

I JllOOf! + i'l&tVl + ^21*1^2 + J22% 2 y 2 \ 

+ v t \ i'nXji/! - (- i\ 2 x 2 y x + i' 21 x x y 2 + i' 22 x 2 y ± \ 

\ i'x&iy\ + iv&iy* + in^iji + i'^m I 

+ Vt, I in«i«/i + j'-uPWi + i' 2 iXiy 2 + i' 22 x 2 y 2 \ 

\ in^iVi + i'v&iyi + i'-kxiy-i + i'<k%iyz \ 



Ixf 
V? 



[>o 



y 1 ; 



i«>o i2 2 >o 
j'A>o i' 22 >o 

V —i' 

j 2 \ — J\i 

•n ~*tt 

hi — hi 

i'ni'22—i'iAi ^ 

\h\hi hihi^ " j 
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The cases (x 1 , as, ; y x , y 2 ; & , & , ;„ ; & , & , j' 22 ) = (1, ; 0, 1 ; 1, 0, ; 0, 0, 1) , 
(0,1; 1,0; 1,0,0; 0,0,1), (1,0 ; 1,0 ; 1,0,0 ; 1,0,0), (1, 0; 0,1 ; 1, i, 1 ; 1, i, 1), 
(1,0; 0,1; 1, i, 1; 1, — i, 1), (1, 1; 1, — 1; 0, 0, 1 ; 1, 0, 0), give as necessary- 
conditions 

%>0, v 6 >0, 

Vi+Vz + Vs + Vi + Vs + Ve^O, v 1 —v 2 + v 3 + v i —v- o + v e >0, - (58) 

Vl + V 2 — V 3 —V i + V 5 +V 6 >0, v x — v 2 — v 3 — Vi — v 5 + v 6 >0, 

whence 

(v 2 +v 5 ) K , (v 3 +^) fl . 

The cases (0, 1; 1, 0; 1, e', e' 2 ; 1, e", e" 2 ), (1, 0; 0, 1; 1, e', e' 2 ; 1, — e"i, e" 2 ), 
(0, 1; 1, 0; 1, — e'i, e' 2 ; 1, e", e" 2 ), (1, 0; 0, 1; 1, — e'i, e' 2 ; 1, — e"i, e" 2 ) give 
the four quadratic forms 

v 1 e' 2 +(v 2 + v 3 + v i + v 5 )e'e" + v 6 e" 2 >0, 



v 1 e" 2 + (v B +>, 



-?; 4 )e'e"i+« 6 e' 2 >0, 



^e' 2 + (v 2 +v 3 —v i —v 5 )e'e"i+v e e" 2 >0, 
v i e" 2j r {v 3 -\-v i —v 2 —v i )e'e" +v 6 e' 2 >0, 

whose discriminants give the necessary conditions, 

4vi« 6 — (Vi + Vs+Vi + v^y^O, ^v x v 6 -\- {v 3 + v 5 —v 2 —v i ) 2 >Q, 



(59) 



4:V l V 6 + (v. 2 + v s 



-v 3 ) 2 >0, 4cV i v e —(v 3 + v i —v 2 —v s ) 2 >0. 



(60) 



From (59) it is seen also that v 2 — v s and v 3 — v t are pure imaginary, which 
with (58) gives the conditions, 

v 2 -v 5 , v 3 -Vi (61) 

Using the values 

(x x , x t ',y lf y 2 ', i„ , j' n , i 22 ; ju , Ju , tid = (1, 1 ; — 1, 1 ; 0, 0, 1 ; 1, — e"i, e" 2 ) , 

the inequality (57) becomes 



ve 



hi 



-2e"i(v 2 — v 3 + Vi— v b ) + (vi+v 6 — 1' 2 — Vt—Vi—Vs) >0 (e" K ), 



whence, since the discriminant of this quadratic in e" must be positive or zero, 

K + v 6 ) 2 -4K+^)(^+^)>0. (62) 

The values (1, 1; —1, 1; 1, —e'i, e' 2 ; 1, — e"i, e" 2 ) give: 

e" 2 \ve' 2 —2(v 2 + v 3 —v i —v 5 )e'i+ (v 1 +v 6 —v 2 —v 3 —v i —v 5 ) j 

+ 2e"\-2(v 2 -v 3 -v i +v 5 )e'+(v 2 -v 3 +v i -v 5 )i(l-e' 2 )\ L>0 (e' B , e" fi ), 
+ 1 (Vi+Vg— -« 2 — -y 3 — v 4 — v 5 )e' 2 + 2(t; 2 + t;3— v 4 — v 6 )e'i+t^ 

whose discriminant may be written as a homogeneous quadratic expression in 
(1 — e' 2 , 2e'). Since for e' real, even between the values — 1, and +1, 
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2e'/(l — e' 2 ) takes every real value, the coefficient of 4e' 2 and the discriminant 
of this homogeneous quadratic expression must be positive or zero. Hence, 

{(Vt + Va) 2 — 4(^ 5 +v 3 v 4 ) J 2 —64v 2 « 3 v 4 v 5 >0. f 

From (62) and (63) it follows that 

K + v 6 ) 2 — 4(v 2 v 5 + v 3 v 4 )>0, 
whence 

(Vx + Ve) 2 — 4 (v 2 v B — «,v 4 ) > 0, 
and (64) 

(vi+v 6 ) 2 >4t' 3 v 4 , 
and by (58) 

Vi + Vg^ ±2(v s ?; 4 ) J . 

The second condition of (63) can be written 

i {v 1 + v 6 y-i{v l v,-v s v i ) j*--16ty; 4 K + ?; 6 ) 2 >0, 
and hence by (64), 

(Vi + Ve) 2 — ±(V 2 V b — V,V t )> dz4(l' 1 + V 6 ) (v^i, 

and 

\v 1 + v 6 ±2(v s v i ) i \ 2 >4:v 2 v 5 , 
giving, by (64), 

v x +v & ±2{v 3 v i ) i >±2{v 2 v 5 )\ (65) 

In building the general inequality (55) as the sum of positive or zero 
multiples of the fundamental inequalities (56), it is desirable first to build 
those for which v 1 = v 6 =i (v! + v 6 ) =£ 0. For such, aside from exceptional cases, 
the general inequality has the form 

I (v»V4)*(^i. (v,/v,)i+ v s, <«,/.»)*) +id(V 2t2v!/d +V it2v2/i ) , 
where 

d = v 1 + v 6 -2(v 3 v i )i+[\v 1 + v 6 -2(v a v i y\ 2 -4 ; v i v 5 ]K 

When v-L + Ve — 2(tyt> 4 ) 4 = 0, it follows from (65) that v 2 = v 5 = 0, hence the 
desired inequality may be expressed as 

i (#i + v e) ( V\, 2» 4 /(»i+«,) + *8, W(«i+»«) ) • 

In case v 1 ^=v 6 , the desired inequality is secured by adding to that already 

built 

(«!— v B )F M or (f 6 — Vi)F 3|0 , 

according as v x is greater than or less than v a . 

If v 1 =0, or v a = 0, then, by (60), v 2 = v 3 = ?; 4 = v 5 = 0, hence the desired 
inequality has the form 

V l ' 1, ~T ^6 '' 3, • 
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All portions of this paper which refer to £ fi , y] R ; namely, §4, §8, and § 11, 
are valid for £ and r[ pure imaginary, as an inequality for £ and r, pure imag- 
inary reduces at once to the same inequality for £ and 37 real. 

On the three corresponding larger problems, retaining general operator 
and general operand, the writer has made considerable progress. In each case 
the nature of the coefficients a m and z ijkl has been determined, and many neces- 
sary conditions on the coefficients have been secured, by use of binary, ternary, 
quaternary and quinary operators. As to the nature of the coefficients it has 
been found that in the problems corresponding to those of Part I and Part II, 

a 12 34^0, ai 2 43>0, a 3421 >0, a 4321 >0, 

ffl 1342 > °1432 > ^2341 > #'2431 ", 

#1324 = a 4281 1 ^1423 = ^3241 > 

while in tlie problem on bilinear forms, 



21234^0, 


?~mz ^ 0, 


Z U1\ = V> 


■%21 = 0, 


%U2^0, 


^4312 = 0) 


%34>0, 


^2143>0, 


^'1324 = " £"4231 ) 


^1342 = £4213 > 


2 1423 := £3241 » 


^1432 — ^3214 > 


^2341 == ^4123 1 


^2431 == ^3124 1 


^2413 ~ ~3142 > 


Z 2SU — £4132 • 



